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Structural Damage Identi® cation Using
Assigned Partial Eigenstructure

Richard G. Cobb¤ and Brad S. Liebst²

U.S. Air Force Institute of Technology, Wright± Patterson Air Force Base, Ohio 45433-7765

A method of identifying damaged structural elements from measured modal data using an incomplete mea-

surement set is presented. The method uses a mathematical optimization strategy to minimize deviations between
measured and analyticalmodal frequencies and partial mode shapes. Damage is identi® ed by determining the stiff-

ness change to a ® nite element model required to match the measured data of the damaged structure. Damaged
elements are obtained directly from the results of the cost-function minimization because the allowed structural

changes are consistent with the original ® nite element formulation. The cost-function minimization is based on an
assigned partial eigenstructure algorithm in which the physical properties of the structural elements are treated

as control variables, which are chosen to achieve the measured partial eigenstructure. An iterative solution is used
to solve the nonlinear optimization problem. Experimental results are reported for a cantilevered eight-bay truss

assembly consisting of 104 elements.

Introduction

F UTURE large ¯ exible space structures will have an unprece-
dented requirementof verifyingon-orbit structural integrityon

a periodic basis over the lifetime of the space system. Damage is
possible during orbital maneuvers, docking operations, as well as
collisionswith spacedebris.Informationonboth locationand extent
of structural damage will be critical in assessing required in-space
repairmissionsand/or deviationsfrom the plannedmission pro® les.

To date,many methodshave beenproposedto compute structural
damage from measured response data. These methods are based on
either sensitivity analyses, residual nodal forces, assigned eigen-
structures,or realizationtheories.Zimmerman and Smith1 present a
survey of the different techniques.A common requirement of these
methods is the necessity to measure complete modal data, which is
impractical and often impossible for large ¯ exible structures.When
only incomplete modal data are available, the common practice is
to expand the measured data to the proper size using an eigenvector
expansionmethod.A surveyof mode-shapeexpansiontechniquesis
presentedby Hemez and Farhat.2 Unfortunately,eigenvectorexpan-
sion methods rely on the accuracy of the ® nite element (FE) model,
which is the unknownwhen determiningstructuraldamage.Thus an
alternative method that does not require full eigendata is desirable.

Presented is an algorithm to identify individual damaged struc-
tural elements of large ¯ exible space structures using on-orbit mea-
sured data. Identi® cation of modal frequencies, damping ratios,
and shapes from on-orbit testing has been addressed by Kim and
Bartkowicz.3 Using measured partial eigendata, a control theoretic
approach is applied in which ® ctitious actuators corresponding to
each structural element are assumed. Using the measured partial
eigendata and these ® ctitious actuators, an assigned partial eigen-
structure (APE) technique is employed on the analytical model of
the undamaged structure. An identi® cation of structural damage is
obtaineddirectlyfrom thecontrolrequiredof each ® ctitiousactuator
(stiffness adjustment) to achieve the measured eigenstructure.

The structural damage identi® cation process can be divided into
four main tasks: 1) identi® cation of partial modal properties from
measured data of the nominal space structure, 2) adjustment of the
FE model to match the measured nominal partialdata, 3) analysisof
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the extent to which structuraldamage can be localized to individual
structuralelements using the measured data, and 4) identi® cation of
structural damage using measured partial modal data from a dam-
aged space structure. Previous work by the authors addressing the
® rst three tasks is presented elsewhere.4±6 Task 4 is the focus of the
work contained herein.

Theory
With minimal sensor information available, i.e., not every degree

of freedomcan be instrumented,a naturalcost function representing
the mismatch between the eigenstructure of the FE model and the
measured partial eigendata is

J =
r

Si = 1

ai ( k i

Åk i
¡ 1)
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+
r

Si = 1

s

S j = 1

bi j (Ái j ¡ ÅÁi j )
2 (1)

The analytical eigenvalue for the i th mode is denoted as k i , and
Ái j denotes the j th element of the i th eigenvector from the analyti-
cal modal matrix U . The overbar indicatesa measured quantity.The
positive coef® cientsai and bi j allow for individualweightings in the
objectivefunction.The summationupper limits r and s representthe
number of eigenvalues/eigenvectors,and elements of the eigenvec-
tors, respectively,from the measureddata.A minimizationofEq. (1)
was presentedpreviouslyby the authors5 to performmodel updating
using the softwarepackageASTROS-ID, in which the minimization
is solved using the eigenvalue and eigenvector sensitivities at each
iteration step. Although this same technique can be used directly to
identify structural damage, an alternative formulation that does not
require the computation of the sensitivities and the corresponding
eigenanalysis is accomplished using APE.

Structural damage identi® cation using the APE method is based
onminimizing thecost functiongivenin Eq. (1).Two initialassump-
tions are made. First, structuraldamage is con® ned only to decreases
in the stiffness properties of the structure. Second, structural damp-
ing is negligible. These two assumptions are consistent with most
on-orbit damage scenarios of large ¯ exible space structures. The
free vibration of the undamaged structure is modeled as

M Èx + K x = 0 (2)

with the symmetric mass and stiffness matrices M , K 2 < n £ n , and
Èx denoting a double time differentiationon the state vector x. With
damage con® ned to the stiffness matrix, the damaged structure is
modeled as

M Èx + (K ¡ D K )x = 0 (3)

where D K represents an unknown perturbation to the stiffness as
the result of structural damage. The eigenvalueand eigenvector for
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the i th mode of Eq. (3) is given as ( k i , U i ), whereas the measured
eigenvalueand partial eigenvectorfor the same mode is represented
as ( Åk i , ÅÁi ). The relationshipbetween the n-dimensionaleigenvector
U i and the partial eigenvector Ái is Ái = C U i . The matrix C 2
< s £ n maps the full-lengtheigenvectorsinto the partial eigenvectors
corresponding to the measured degrees of freedom.

For the APE method, the cost function in Eq. (1) is rewritten in
vector notation and is given as

J =
1

2
(¸ ¡ Å̧ )T A(¸ ¡ Å̧ ) +

1

2

r

Si = 1

(Ái ¡ ÅÁi )
T Wi (Ái ¡ ÅÁi ) (4)

where ¸ = [k 1, k 2 , . . . , k r ] for the r measuredmodes. The positive-
de® nite constant matrices A and W can be used to weight the con-
tributionof each term in the overall cost function.This cost function
then is minimized subject to the eigenstructureconstraint

( ¡ k i M + K ¡ D K ) U i = 0 (5)

where only r of the ( k i , U i ) and only s components of U i are mea-
sured. Additionally, to ensure that D K is consistent with the FE
formulation, the structural constraint is represented as

D K = BG BT (6)

where B is constructedfrom the nodal connectivityinformationand
the elemental parameters and G is a diagonal matrix composed of
the fraction of damage for each element.

This parameterizationof D K is best illustratedusinga simple ex-
ample. For a two-degree-of-freedomspring-mass system as shown
in Fig. 1, the equations of motion obtained from an application of
Newton’s second law and written in matrix form are

[m1 0

0 m2] Èx + [k1 + k2 ¡ k2

¡ k2 k2 ] x = 0 (7)

The stiffness matrix K then can be written as

K = [k1 + k2 ¡ k2

¡ k2 k2 ] = [1 ¡ 1

0 1 ] [k1 0

0 k2] [1 ¡ 1

0 1 ]
T

(8)

The matrixpremultiplyingthediagonalmatrix in Eq. (8) containsthe
structural connectivity information. For example, the ® rst column
of this matrix corresponds to spring k1 , which is connected only
to degree-of-freedomx1 and hence has only a single nonzero entry
in row 1. The second column corresponds to spring k2, which is
connected to both degree-of-freedom x1 and x2, and hence both
rows have nonzero entries. Direction cosines are used to determine
the values of the nonzero entries, based on the relative position of
the nodes. For this linear example, the direction cosines are +1 and

¡ 1. In the same fashion, the stiffness perturbation matrix D K can
be expressed as

D K = [ p k1 ¡ p k2

0 p k2
][g1 0

0 g2][
p k1 ¡ p k2

0 p k2
]

T

= BG BT (9)

Note that with 0 · gi · 1, any combination of decreases in the
spring elements can be modeled in D K . In a similar fashion for a
truss structureconstructedfrom p rod elements, B and G are written
as

B = [B1 ¢ ¢ ¢ Bp ] (10)

Bi = Ï ( Ai Ei / L i )

£ [0, . . . , 0, c1, c2, c3 , 0, . . . , 0, ¡ c1, ¡ c2, ¡ c3, 0, . . . , 0]T

(11)

G = diag(g1 ¢ ¢ ¢ gp); 0 ·gi ·1 (12)

with c1, c2 , c3 representingthe directioncosines for the i th element,
inserted at the degrees of freedom associated with the i th element.
The variables Ai , Ei , and L i are the cross-sectional area, elastic
modulus, and length of the i th element, respectively. A damage
fraction value of gi = 0 corresponds to an undamaged element,
whereas gi = 1 correspondsto a complete loss of stiffness to the i th

Fig. 1 Example of two-degree-of-freedom system.

element. For beam elements with six degrees of freedom per node,
the expression for Bi becomes

Bi = Ri ¢

é
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(13)

where Ri is the rotation matrix between the i th element’s local
coordinate frame, in which the inertia properties I1 and I2 are de-
® ned, and the global coordinate system. The variables l i and ji are
Poisson’s ratio and the torsional stiffnessof the i th element, respec-
tively. Only the nonzero portion of Bi is shown, which occurs in
the rows correspondingto the global degrees of freedom associated
with the i th element. For beam elements, G is now a block diagonal
matrix, with each diagonal block linked to a single design variable
gi (gi ¢ I6 , where I6 is the 6 £ 6 identitymatrix). The authors suspect
that, although developed explicitly herein only for spring, rod, and
beam elements, any element’s symmetricmatrix D K i can be written
as BG i B

T using the nonzero singular values and singular vectors
of D K i , while preserving nodal connectivity.

The minimization of the cost function in Eq. (4) is solved by
forming the Lagrangian and establishingand solving the necessary
conditions. The appended cost function ÃJi for the i th mode is

ÃJi =
1
2
ai ( k i ¡ Åk i )

2
+

1
2
(Ái ¡ ÅÁi )

T Wi (Ái ¡ ÅÁi )

+ ºT
i
( ¡ k i M + K ¡ BG BT ) U i (14)

where ºi is a vector of Lagrange multipliers for the i th mode. With
Ái = C U i , this becomes

ÃJi = 1
2
ai ( k i ¡ Åk i )

2
+ 1

2
( U i ¡ ÅU i )

T C T Wi C( U i ¡ ÅU i )

+ ºT
i
( ¡ k i M + K ¡ BG BT ) U i (15)

It then is assumed that 9 G 3 k i = Åk i , 8 i = 1, . . . , r , implying that
there are suf® cient design variables (structural elements) to achieve
the measured eigenvalues. This is satis® ed if the measured data
are consistent with actual damage. For the case of noise-corrupted
measurements, k i ¼ Åk i , 8 i = 1, . . . , r , and is assumed to contribute
negligibly to the cost function. With these assumptions, Eq. (15)
reduces to

ÃJi = 1
2
( U i ¡ ÅU i )

T C T Wi C( U i ¡ ÅU i )

+ ºT
i
( ¡ Åk i M + K ¡ BG BT ) U i (16)
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The necessary conditions for the minimization become

@ ÃJi

@ºi
= ( ¡ Åk i M + K ¡ BG BT ) U i = 0 (17)

@ ÃJi

@G
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@
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(ºT
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@ ÃJi

@U i
= C T Wi C( U i ¡ ÅU i )

+ [ºT
i
( ¡ Åk i M + K ¡ BG BT )]

T

= 0 (19)

which can be rewritten as

( ¡ Åk i M + K ) U i ¡ BG BT U i = 0 (20)

@

@G
(ºT

i BG BT U i
) = 0 (21)

C T Wi C U i + ( ¡ Åk i M + K )ºi ¡ BG BT ºi = C T Wi
ÅÁi (22)

To pose this nonlinear optimization problem as an approximate
linear problem, it is necessary to introduce the matrix operator
ÄP(®, b ). In the case where there is only one column of the ma-

trix B associated with each design variable, such as for spring and
rod elements as given in Eqs. (9±12), ÄP(®, b ) is de® ned as

ÄP(®, b ) with ÄP and b 2 < n £ p , ® 2 < n £ 1

(23)
ÄPi j =

n

Sk = 1

a k b i j b k j

where ÄPi j is the i th row and the j th column of the matrix ÄP . In

terms of the operator ÄP , terms of the form b C b T ® can be written
as

b C b T ®= ÄP(®, b )° where ° = diag( C )

(24)

C 2 < p £ p(diag)

When there are multiple columns of B associated with a single
design variable, such as given in Eq. (13) for beam elements, an
additional summation of the columns of ÄP is required for each
design variable. In the case where there are q columns of B for each
design variable, B 2 < n £ pq , G 2 < pq £ pq , and hence, ÄP 2 < n £ pq

according to Eq. (23). The summation is then de® ned as

N =

é
êêêêêêêêêêêë
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where ÄP j is the j th column of ÄP . Note that P = ÄP for the case

where q = 1. Furthermore, constructing P from ÄP gives the design
engineer the ability to link multiple elements to a single design
variable gi as desired. For example, consider the system described
by Fig. 1 and Eq. (9). If

U i = {Á1

Á2
} (26)

then

P( U i , B) = [k1Á1 k2Á1 ¡ k2Á2

0 ¡ k2Á1 + k2Á2
] (27)

In terms of the operator P and g = diag(G), the following substi-
tutions can be made in the necessary conditions:

BG BT U i = P( U i , B)g (28)

@

@G
(ºT

i BG BT U i
) = P( U i , B)T ºi (29)

BG BT ºi = P(ºi , B)g (30)

The necessary conditions, with these substitutions, become

( ¡ Åk i M + K ) U i ¡ P( U i , B)g = 0 (31)

P( U i , B)T ºi = 0 (32)

C T Wi C U i + ( ¡ Åk i M + K )ºi ¡ P(ºi , B)g = C T Wi
ÅÁi (33)

which now can be written in matrix form for the i th mode as
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Then, because g, the vector of fractional structural damage for each
element (gi ), must be the same for each measured mode, the neces-
sary conditions can be assembled as

N
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(35)

where

and N 2 < (2n + p) ¢ r £ (2nr + p) , representing an overdetermined set of
equations whenever r > 1. Note that only the nonzero entries are
shown. The desired solution vector g then is found from a least-
squares solution to Eq. (35) using a QR decomposition and back
substitution.7 Because N = N ( U i , ºi ), an iterative scheme is intro-
duced updating ( U i , ºi ) with the results of the previous iteration.
The initial guess at ( U i , ºi ) is to use the nominal vector U i from
the undamaged model, with the measured ÅÁi elements inserted at
the measured degrees of freedom. It is assumed that the structural
damage was not catastrophic, and thus the nominal eigenvectors
are a reasonable initial guess. Vector normalization and sign con-
vention are accounted for by setting k C U i k 2 = k ÅÁi k 2 = 1 and
(C U i )

T ¢ ÅÁi > 0. The Lagrange multiplier vector ºi is initially as-
sumed to be zero.During the iterationprocess,values of the damage
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fractiongi outsidetheallowablerange0 · gi ·1 are removedfrom
subsequent iterations, further reducing the parameter search space.
The weighting matrix Wi is nominally set to the identity matrix
(scaled such that k Wi k ¼ k K k ) correspondingto the case where all
measurements are assumed at the same level of uncertainty.

Software Implementation
Structural damage identi® cation using APE proceeds as follows.

First, the matrix B is constructed according to Eq. (11) for rod
elements, or Eq. (13) for beam elements. A Bi is constructed for
each element in the search space. Next, using the mass and stiff-
ness matrices M and K from a tuned FE model (one in which the
measured data of the undamaged structure correlate well with the
model) and the measured eigendata of the damaged structure, Eq.
(35) is constructed. A QR decomposition and backsubstitution is
used to solve for the achievable eigenvectors U i , the Lagrange mul-
tipliers ºi , and the damage fractions gi . Elements in g outside an
allowable range (i.e., an increase in stiffness or negative stiffness)
are removed from the search space by removing the corresponding
columns of B. At each iteration step, the matrix N is updated using
either the new ( U i , ºi ) solution pair or the new reduced B matrix.
The solution sequence is repeated until convergence.The ¯ owchart
for this algorithm is shown in Fig. 2.

For the initial constructionof N using the measured ( Åk i , ÅÁi ) data,
two preprocessing steps are required. The ® rst is a pairing of the
measured mode shapes with the analytical nominal mode shapes.
This is accomplished by normalizing the 1 -norm of the partial
mode shapes to unity and then checking the cross-orthogonality
relation as given in the following:

O = ÁT ÅÁ, Á and ÅÁ 2 < s £ r (37)

Modes are paired on the basis of the row and column positions of
the maximum values in the matrix O . A second check is performed
to verify that the measured modal frequenciesof the damagedstruc-
ture are at or belowthe correspondingfrequenciesof the undamaged
analyticalmodel, i.e., Åk i · k i 8 i . For each mode, measuredfrequen-
cies above the analytical frequenciesare set to the analyticalvalues.
This is done because structuraldamage, when con® ned to decreases
in the stiffness matrix, can only decrease the natural frequencies.
This requirement can be shown easily by establishing the negative
de® niteness of changes in the eigenvalues to changes in the stiff-
ness matrix. Using the same approachas that developedby Fox and
Kapoor,8 these changes to ® rst order can be expressed as

@¸

@g
= ¡ U T P( U , B) (38)

For this ® rst-order model, it is suf® cient to show the negative de® -
niteness of the i th eigenvalue with respect to the j th stiffness value
change. This relationship is given as

@k i

@g j
= ¡ U T

i P( U i , B j ) (39)

Fig. 2 APE decision ¯ ow.

By using the de® nition of P from Eq. (23), which is valid for rod
elements, and carryingout the vector multiplication,Eq. (39) yields
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Rearranging the summation yields
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which simpli® es to
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@g j
= ¡ (

n

Sl = 1

U li Bl j)
2

(42)

which is a negative-de® nite quantity. If the more general de® nition
of P is used as given in Eq. (25),an additionalsummation is required
over the correspondingcolumns of B associatedwith the j th design
variable. Again, this is a negative-de® nite quantity because it is the
sum of negative-de® nite terms from Eq. (42).

The APE iterative solution technique involves the least-squares
solution of the matrix N in Eq. (36). This matrix is classi® ed as a
large sparse rectangular matrix that is possibly singular, and there-
fore the solution technique is tailored to this matrix classi® cation.A
sparse QR algorithm is used to decompose N and then a backsub-
stitution to compute the solution vector. Because of the size of N ,
a sparse solver is required for all but small pedagogical problems.
Column pivoting in the QR decomposition is not incorporated be-
cause pivoting does not preserve the matrix sparsity and increases
the number of ® ll-ins. For the case when N is singular, the nature
of the solution is different than that of the Moore±Penrose pseu-
doinverse. The solution vector contains as many zero entries as the
rank de® ciency of N . This is a desirable attribute when used for
damage identi® cation because, typically,damage is localized in the
structure, and hence only a small number of elements have nonzero
damage fractions.The APE algorithm was coded using MATLAB®

(Ref. 9), with portions written in Fortran to handle the sparse ma-
trix manipulations to speed processing time. MATLAB’ s spqrmex
algorithm was used to perform the decomposition. In practice, the
range of allowable damage fractions (0 · gi ·1) was widened to
ensure that gi were not discarded prematurely before convergence.

An additional consideration in damage identi® cation algorithms
is that of uniqueness. With only partial modal data available, the
problem is generally ill-posed and hence there may exist multiple
damage fractionsthat result in the same partial eigendata.This prob-
lem is exacerbated when noise-corrupted measurements are used.
The useof the structuralconstraintas givenin Eq. (6),combinedwith
the restriction that the damage fraction gi lies within an allowable
range, helps to minimize the problemof nonuniqueness.For a given
problem, solutionuniquenessis dependenton the numberof modes,
the number of eigenvector components measured, the quality (sig-
nal/noise) of the measurements, the FE model, and the numerical
accuraciesof the identi® cation algorithm.To accountfor nonunique
solutions in the APE method, an off-line sensitivity analysis can be
performed once the size and quality of the measurement set has
been determined. Using the results of this analysis, the parameter
search space can be con® ned to elements that produce unique and
identi® able eigenstructures. Elements whose damage results in an
identi® able change in the measured partial eigenstructure [J value
in Eq. (1)] are de® ned as detectable.Next, APE symmetric elements
are de® ned as a group of damaged structural elements that produce
the same measured partial eigenstructure. With these de® nitions,
the results of the APE method indicate damage fractions that are
con® ned to an APE symmetric element set. Further re® nement to
an individual element within the set is not possible without addi-
tional or higher-quality measurement data. Further discussions on
the topic of nonunique solutions, including a method to perform the
sensitivity analysis, are presented elsewhere.6

Numerous tests of the APE method were conducted using FE
models of sizes ranging between 16 and 192 degrees of freedom
constructedof 8 to 104 structural elements using either spring, rod,
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or beam elements. In all cases,when using analyticaleigendatasim-
ulating both perfect measurements and perfect model correlation,
the APE method converged to the correct damaged element(s), and
indicated the correct percent of damage. In each case, less than 10%
of the total degrees of freedom was included in the measurement
set, and only a small number of the natural frequencies. An addi-
tional attribute of the algorithm is that, in the case where the entire
eigenvectorcan bemeasuredperfectly,the exact solutionis obtained
without iterating.

Experimental Demonstration
An experimentalvalidationof the APE methodwas conductedus-

ing NASA testdata of an experimentaltruss.NASA’s eight-baytruss
test bed consisted of eight cubic bays of a hybrid space truss can-
tilevered from a rigid backstopplate (see Fig. 3). This con® guration
represents a scaled section of the proposed InternationalSpace Sta-
tion. Each bay is a half-meter in lengthand constructedof aluminum
members. The truss contains three types of elements: battens (ele-
ments parallel to either the x or the z axis), longerons(elements par-
allel to the y axis), and diagonals(elements not parallel to any of the
axes).The trusswas fully instrumentedwith one triaxialaccelerome-
ter at each of its 32 unconstrainednodes.Disturbanceexcitationwas
achieved using two ground-baseddynamic shakers attached at two
differentnode points. Figure 4 shows a typical measured frequency
response function for both the nominal and the damaged structures.
From thesefrequencyresponsesthe ® rst ® ve systemnaturalfrequen-
cies could be determined. A complete description of the hardware
and the testing procedure is contained in the work of Kashangaki.10

For use of the test data herein, two different test con® gurations
were assumed. The ® rst was that all of the data from each of the 96
unconstraineddegreesof freedomwere availablefor use in the dam-
age identi® cation algorithm. This is referred to as the fully instru-
mented con® guration.Second, the data set was arbitrarily limited to
the use of data from only eight unconstrained degrees of freedom.
This is referred to as the sparsely instrumented con® guration.

Fig. 3 Prioritized sensor locations for the NASA truss.

Fig. 4 Measured frequency response functions for the NASA truss.

Table 1 Measured natural frequencies of NASA’s eight-bay truss

Frequency, Hz % Difference

Mode no. Measured Initial Tuned Initial Tuned

1 13.88 13.79 13.88 0.65 0.00
2 14.48 14.31 14.47 1.19 0.07
3 48.41 50.53 48.40 4.37 0.02
4 64.03 65.98 64.03 3.05 0.00
5 67.46 71.20 67.52 5.55 0.08

Case A

Case B

Case C

Fig. 5 Damage con® gurations for the NASA truss, cases A± C.

Case D

Case E

Case F

Fig. 6 Damage con® gurations for the NASA truss, cases D± F.

For each con® guration,nine damage cases were tested. The dam-
age cases were the full removal of one or two elements of the truss.
The different damage cases are shown in Figs. 5±7. For the nominal
case, i.e., no damage, the results of the FE analysis and the mea-
sured data are compared in Table 1. Although the FE model is in fair
agreement with the measured data, any disagreement will result in
the damage identi® cation method assigninga percentageof damage
to an element(s) to account for the disagreement. Therefore, tuning
was performed using ASTROS-ID (Ref. 5) to ensure that the initial
disagreementwas as minimal as possible.The resulting frequencies
after tuning are listed in Table 1.

Using the tuned model, an eigenanalysis for each of the nine
damage cases was performed. The results, along with the experi-
mentallymeasureddata from thedamagedstructure,arepresentedin
Table 2 for comparison. For the objective function minimization to
be successful,it is importantthat the analyticalmodelwith simulated
damagecorrelatewell with the measured data of the damagedstruc-
ture. As can be seen from the results in Table 2, the analyticalmodel
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Table 2 Changes in natural frequencies from damage on the NASA truss

Frequency, Hz

Damage case Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Nominal 13.88/13.88a 14.48/14.47 48.41/48.40 64.03/64.03 67.46/67.52
A 13.94/13.88 9.50/9.43 48.52/48.40 64.16/64.03 65.91/64.98
B 13.47/13.16 14.12/14.25 35.65/34.25 60.18/59.06 65.86/65.90
C 13.97/13.88 11.39/11.29 48.53/48.40 64.50/64.03 59.90/58.51
D 13.21/13.16 14.44/14.24 36.68/35.92 61.35/61.20 66.95/65.97
E 13.96/13.88 11.42/11.30 48.57/48.40 64.61/64.03 59.91/58.60
F 13.94/13.88 9.50/9.42 48.50/48.40 64.08/64.03 65.80/64.91
G 12.29/12.26 14.50/14.47 48.67/48.40 50.65/48.60 67.76/67.52
H 13.73/13.70 14.55/14.47 48.68/48.40 54.76/54.30 67.71/67.52
I 13.74/13.58 9.86/9.74 36.66/35.89 63.35/62.56 58.86/57.46

aData presented in (measured/FE simulated) format, where the ® rst number represents the measured frequency
and the second is the result of an eigenanalysis on the FE model with the damaged element(s) removed.

Table 3 APE identi® cation results on the NASA truss,
fully instrumented

True damage APE identi® ed

Damage Element Element
case no. % Damage no. % Damage CPU time, s

A 84 100 84 88 241
B 85 100 85 96 184

43a 102
C 71 100 71 95 302
D 78 100 78 98 262

96 109
E 62 100 62 95 288

70 78
92 124

F 97 100 97 89 194
G 51 100 51 96 460
H 34 100 34 98 367

43a 108.2
I 71 100 71 94 289

78 100 78 99

aElement attached to degree of freedom with faulty sensor.

Case G

Case H

Case I

Fig. 7 Damage con® gurations for the NASA truss, cases G± I.

is in fair agreement for the nominal as well as the damagecases.The
largestdeviationsbetween the measuredand simulateddamagedan-
alytical model occurred for damage case I, the compound break.

Damage identi® cation for the fully instrumentedtruss using APE
was performed using a search space consisting of all 104 elements
of the truss. The measured data consisted of the ® rst ® ve ¯ exible
modes and the entire measured eigenvector for each mode. The
results are contained in Table 3. In all nine cases, the damaged
elementwas correctly identi® ed. For casesB and H, element 43 also
was identi® ed as damaged. Previous work by Zimmerman et al.11

Table 4 Damage localization results
for the NASA eight-bay truss

Element no. Equivalent symmetric elements

32 36, 45, 49
34 38
47 51, 60, 64
58 62, 71, 75
59
61
63
65
72
73 77, 86, 90
74
76
78
84 88, 97, 101
85
87
89
91
98
99 103

100
102
104
Undetectable 1±31, 33, 35, 37, 39±44, 46, 48, 50,

elements 52±57, 66±70, 79±83, 92±96

reported that there was a failed sensor at degree-of-freedom44. One
end of element 43 is attached at degree-of-freedom44. For cases D
and E, element96 (caseD) andelements70and92 (caseE) alsowere
identi® ed as damaged. These three elements are all batten elements
that have negligible effect on the cost function when using only
the ® rst ® ve modes. Also noted in some cases are assigned damage
values that are greater than 100%. As previouslydiscussed,to avoid
prematurely discarding elements and to allow for modeling error,
the allowable rangeof g should be widened.For the results reported,
the allowable range was set to (0 · gi ·2). Once again, an off-line
sensitivity analysis of the gi boundaries should be performed. The
authors are currently working on software modi® cations to make
the gi boundary limits adaptive with increasing iterations.

A second test con® guration was performed using measurement
data from only eight sensor locations. After tuning the analytical
model, a prioritization of which of the eight degrees of freedom
to instrument was performed as developed elsewhere.6 The eight
prioritizedsensor locationsare shown in Fig. 3. These eight degree-
of-freedom locations were used to construct the eight elements of
the partial eigenvectors for the damage identi® cation process.

After selecting the eight sensor locations, a damage localization
analysis was performed as described elsewhere.6 The results of this
analysis are contained in Table 4, listing the undetectable,symmet-
ric, and identi® able elementsas previouslyde® ned. Table 5 presents
a descriptionof the element numbering used. The results show that,
using only the ® rst ® ve modes and the ® ve 8-component eigenvec-
tors, 64 of the elements are undetectable from the measured data.
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Table 5 Element numbering and descriptions
for the NASA eight-bay truss

Description

Bay no.a Longeron Diagonal Battenb

1 6, 8, 10, 12 7, 9, 11, 13 1, 2, 3, 4, 5
2 19, 21, 23, 25 20, 22, 24, 26 14, 15, 16, 17, 18
3 32, 34, 36, 38 33, 35, 37, 39 27, 28, 29, 30, 31
4 45, 47, 49, 51 46, 48, 50, 52 40, 41, 42, 43, 44
5 58, 60, 62, 64 59, 61, 63, 65 53, 54, 55, 56, 57
6 71, 73, 75, 77 72, 74, 76, 78 66, 67, 68, 69, 70
7 84, 86, 88, 90 85, 87, 89, 91 79, 80, 81, 82, 83
8 97, 99, 101, 103 98, 100, 102, 104 92, 93, 94, 95, 96

aBays are numbered consecutively starting from the free end.
b Includes diagonal members in the batten plane.

Table 6 APE identi® cation results on the NASA truss,
sparsely instrumented

True damage APE identi® ed

Damage Element Element
case no. % Damage no. % Damage CPU time, s

A 84 100 84(88, 97, 101)a 85 33
B 85 100 85 96 80
C 71 100 58(62, 71, 75) 94 65
D 78 100 78 98 76

104 110
E 62 100 58(62, 71, 75) 110 56

32(36, 45, 49) 103
F 97 100 84(88, 97, 101) 89 32
G 51 100 47(51, 60, 64) 88 85
H 34 100 34(38) 97 43
I 71 100 32(36, 45, 49) 80 63

78 100 78 99

aData presented in I(S) format, where I is the number of the identi® ed element and S
is the symmetric element numbers.

This indicates that changes in the measured data are insigni® cant
from damage in these elements. These results are consistent with a
similar analysis on this truss presentedby Kashangakiet al.12 show-
ing that 95% of the total strain energy associated with the ® rst six
modes was contained in only 40 elements. The unidenti® able ele-
ments are categorizedas either battens, or elements located near the
free end of the truss. The remaining 40 elements of the localization
analysisare dividedamong 23 symmetric groupingscontainingone,
two, or four elements. One element from each of the 23 symmetric
groups is used to de® ne the initial search space for the identi® cation
process.

Using the results of the sensor prioritization to de® ne the mea-
sured data, the tuned analyticalmodel, and the damage localization
analysis to de® ne the initial search space, damage identi® cation us-
ing APE was performed. The results are contained in Table 6. On
average, the results were achieved in 1 min of CPU time on a Sparc-
10 workstation and required 20 iterations. In six of the nine cases,
the damage was localized to a single element or a single symmetric
grouping. For cases D and E, a repeated use of the APE method,
using the results of the ® rst identi® cation application as the initial
search space, was able to localize the damage down to the single
correct element or single symmetric group. A capability could be
incorporated into the APE algorithm to adaptively reinitialize the
algorithm. For damage case IÐ the compound breakÐdamage to
element 71 was not identi® ed. Damage to element 71 (a longeron
in the sixth bay) was assigned to a longeron in either bay 3 or 4.
This dif® culty is, in part, due to the fact that the measured data for
this damage case do not correlate well with the simulated damaged

analytical model, as indicated by the values given in Table 2. The
true culprit, modeling error or measurement error, cannot be deter-
mined from the known information.Anytime the simulated damage
to the analyticalmodel does not agreewith the measureddata for the
same damagecon® guration, any method based on matching the par-
tial measured data will have dif® culty in obtaining the true solution.

Conclusions
A method was presented to identifydamaged structural elements

from limited measurement data. Damage identi® cation was per-
formed using a newly developed APE method, which determines
the required stiffness changes consistent with the FE formulation,
to achieve the measured eigendata. This method does not require
the computation of the eigenstructure sensitivities and the corre-
sponding eigenanalysis during the iteration process. It does, how-
ever, require the decomposition of a large sparse matrix requiring
sparse matrix techniques to make it computationally competitive.
This method was demonstrated on both a fully instrumented and a
sparselyinstrumentedexperimentalstructure,correctlydetermining
the location and amount of structural damage. The extent to which
damage can be localized was limited by both model ® delity and
accuracy of the measured modes.
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